The paper is concerned with the preference of prior for the Bayesian analysis of the shape parameter of the mixture of Burr type X distribution using the censored data. We modeled the heterogeneous population using two components mixture of the Burr type X distribution. A comprehensive simulation scheme, through probabilistic mixing, has been followed to highlight the properties and behavior of the estimates in terms of sample size, corresponding risks and the proportion of the component of the mixture. The Bayes estimators of the parameters have been evaluated under the assumption of informative and non-informative priors using symmetric and asymmetric loss functions. The model selection criterion for the preference of the prior has been introduced. The hazard rate function of the mixture distribution has been discussed. The Bayes estimates under exponential prior and precautionary loss function exhibit the minimum posterior risks with some exceptions.
Introduction
introduced twelve different forms of cumulative distribution functions for modeling lifetime data. Among those twelve distribution functions, Burr-Type X and Burr-Type XII have received the maximum attention. Surles and Padgett (2001) observed that the Burr-Type X distribution can be used quite effectively in modeling strength data and general lifetime data. Several aspects of the one-parameter (Scale = 1) Burr-Type X distribution have been studied by Sartawi and Abu-Salih (1991), Jaheen (1996) , Ahmad et al. (1997) and Raqab (1998) . The distribution function and the density function of a Burr-Type X distribution have closed form. As a consequence of that, it can be used very conveniently even for censored data.
Mixture models play a vital role in many applications. The direct applications of finite mixture models are in the fields of physics, biology, geology, medicine, engineering and economics, and many others. Detailed applications and examples are given by Mclachlan and Peel (2000) , Mcculloch and Searle (2001) , Ismail and El Khodary (2001) , Demidenko (2004) , Sultan et al. (2007) , Nair and Abdul (2010) , Afify (2011) and Erisoglu et al. (2011) . Gosh and Ebrahimi (2001) have made the Bayesian analysis of the mixing function in a mixture of two exponential distributions. Saleem and Aslam (2008) presented a comparison of the Maximum Likelihood (ML) estimates with the Bayes estimates assuming the uniform and the Jeffreys priors for the parameters of the Rayleigh mixture. considered the Bayesian analysis of the mixture of Power function distribution using the complete and the censored sample.
The problem of censoring is more commonly encountered in life-time data because no experiment may remain sustained for an infinite time due to restrictions on the available time or cost for testing. There are different kinds of censoring schemes which include right, left and interval censoring, single or multiple censoring and type-I or type-II censoring. Type-I and type-II censoring schemes are most popular among them. considered the Bayesian analysis of the power function mixture distribution using type-I censored data. Shi and Yan (2010) discussed the empirical Bayes estimates of two-parameter exponential distribution under type-I censoring.
We have focused on the selection of suitable prior for Bayesian analysis of the mixture of Burr type X distribution under type I censored samples. It worth mentioning here, that the mixture of this model under Bayesian approach has not been considered in the literature yet.
The article is outlined as follows. In the section 2, we defined the mixture model for Burr type X distribution, sampling and likelihood function for type I censored samples. In the section 3, the posterior distributions have been derived under different priors. The loss functions for the derivation of Bayes estimators and posterior risks have been introduced in the section 4. Method of elicitation of hyper-parameters for the mixture of Burr type X distribution via prior predictive approach has been discussed in the section 5. Credible intervals for the parameters of the model have been derived in the section 6. The posterior predictive distributions have been presented in the section 7. A simulation study along with graphical representation of the results has been performed in the section 8. A real life example has been included in the section 9. The section 10 contains the discussion regarding the hazard rate function of the mixture model. The model selection criterion has been introduced in the section 11. The section 12 presents the conclusion of the study.
The Population and the Model
A population is postulated to be composed to two subpopulations with specified parameters. The subpopulations are mixed in proportion   ,1 ww  where 01 w  . A finite mixture distribution function with the two component densities of specified parametric form (but with unknown parameters, 1  and 2  ) and with unknown mixing weights, w and
w F x    , 01 w  , with the two component distribution functions of specified parametric (Burr type X distribution) form
The corresponding finite mixture density function has its probability density function (pdf) as:
The graphs of the mixture model, given in (1) From the graphs it can be seen that the mixture model shifts its origin to the right for larger values of the parameters. In addition, the larger values of the parameters decrease the spread and increase the height of the curves. 
The Maximum Likelihood Function
The likelihood function for a two-component mixture with n items under study, the probability that 1 r will fail due to cause 1, 2 r will fail due to cause 2 and remaining 1  1  2  2  2  2  1  2  1 1  1  1  2 2  2  2  1  1   1  1  2  2  1  2 , , x 2 exp 1 exp (1 )2 exp 1 exp 
Prior and Posterior Distributions
In case of an informative prior, the use of prior information is equivalent to add a number of observations to the given sample size and hence leads to a reduction of posterior risks of the Bayes estimates based on the said informative prior. Bolstad (2004) has discussed a method to evaluate the worth of a prior information in terms of the number of additional observations supposed to be added to the given sample size. While, when significant information is not avaiable regarding the parameters of the sampling distribution, a noninformative prior can be formed. We have assumed both informative and non-informative priors for the posterior estimation.
1. Posterior Distribution under Uniform Prior
Let us assume a state of ignorance that 12 , and w are uniformly distributed over (0, )
Assuming independence, we have an improper joint prior that is proportional to a constant. The joint prior is incorporated with the likelihood (2) to yield a proper joint posterior distribution of 12 , and . w 
The joint posterior distribution of 12 
where 1 1 1
12 , B  is a standard beta function and 1k is defined as: 
where 2k is defined as: 
Posterior Distribution under Gamma Prior
In case of an informative prior, the use of prior information is equivalent to add a number of observations to the given sample size and hence leads to a reduction of posterior risks of the Bayes estimates based on the said informative prior. Let   
. The joint posterior distribution of 12 ,  and w is
where 3k is defined as:
Posterior Distribution under Exponential Prior
 are the exponential priors and 3 ( ) 1,
Assuming independence, the joint prior is incorporated with the likelihood to give the joint posterior distribution, that is
. The joint posterior distribution of 12 , and
where 4k is defined as: The graphs for the marginal posterior distributions for the parameters of the mixture density, given in (3), (5), (6) and (7) under different priors are presented in the following. The graphs are based on the simulated data from the mixture model using a sample of size 50. The legends in the graphs contain following abbreviations: UP: Uniform prior; JP: Jeffreys prior; GP: Improved gamma prior; EP: Exponential prior. 
Loss Function
The squared error loss function (SELF) is the commonly chosen loss function for the estimation of the parameter. The squared error loss function
was proposed by Legendre (1805) and Gauss (1810) . This loss function is broadly used because it gives apparently sound Bayesian solution, i.e., those one would usually suggest as estimators for a non-decision theoretic inference based on the posterior distribution. A very useful and simple asymmetric precautionary loss function (PLF) is:
The Bayes estimator and the posterior risk under PLF are 
Hence, we consider symmetric as well as asymmetric loss functions for getting better understanding in our Bayesian analysis. 
Elicitation of Hyper-parameters of Informative Prior through Prior Predictive Probabilities
To elicit a prior density, Aslam (2003) forms some new methods base on the prior predictive distribution. For the elicitation of hyper-parameters, he considers prior predictive probabilities, predictive mode and confidence level. In this study, the method of prior predictive probabilities is used for obtaining the hyper-parameters of the considered informative prior. In fact, prior predictive removes the uncertainty in parameter (s) to reveal a distribution for the data point only. We suppose that prior predictive probabilities satisfy the laws of probability because this law ensure the expert would be consistent in eliciting the probabilities and some inconsistencies may arise which are not very serious.
A function   
Elicitation of hyper-parameters of Gamma Prior
The equation of prior predictive under the gamma prior is given as: 
By using the method of elicitation, discussed above, we get the following hyperparametric values 1 
Elicitation of hyper-parameters of Exponential Prior
The equation of prior predictive under the exponential prior is given as: 
After some simplifications the prior predictive distribution becomes:
By using the method of elicitation, mentioned above, we get the following hyperparametric values 12 0.925806, 1.023728.
 

Credible Interval
The Bayesian counterpart of the confidence interval is named as credible interval. Unlike classical confidence interval, the 95% Bayesian credible interval contains the true parameter value with approximately 95% confidence. The credible interval is defined as:
Let
  
Posterior Predictive Distributions
The predictive distribution contains the information about the independent future random observation given preceding observations. In context of Bayesian inference the predictive distribution is referred as the posterior predictive distribution. Bolstad (2004) ; , , f y w  is mixture density for future observation and y = x n+1 is the future observation given the sample information x = x 1 , x 2 , ..., x n , from of the model (1). The posterior predictive distribution using (1) and (12) can be obtained as:
The posterior predictive distribution under uniform prior is:
The posterior predictive distribution under Jeffreys prior is:
The posterior predictive distribution under gamma prior is:
The posterior predictive distribution under exponential prior is: 
Simulation Study
A simulation study is carried out in order to investigate the performance of Bayes estimators and impact of sample size and mixing proportion in the fit of model. We take random samples of sizes n = 25, 50, 100 and 300 from the two component mixture of Burr type x distribution with
3, 7 , 9, 11
To generate a mixture data we make use of probabilistic mixing with probability w and (1 ) w  . A uniform number u is generated n times and if uw  the observation is taken randomly from 1 F (Burr Type X distribution with parameter 1  ) otherwise from 2 F (from Burr Type X distribution with parameter 2  ). Hence the parameters to be estimated are known to be 12 ( , )  and w . To implement censored sampling, all the observations greater than T are declared as censored ones while calculations are conducted. The choice of the censoring time is made in such a way that the censoring rate in the resultant sample to be approximately 20%. To avoid an extreme sample, we simulate 1000 data sets each of size n. The Bayes estimates and posterior risks (in parenthesis) are computed using Mathematica 8.0. The average of these estimates and corresponding risks are reported in Tables 1-20 and Figs 1-6. These Tables depict that the Bayes estimates with informative (Exponential) prior have smaller posterior risks, however, a few exceptions are observed. The quality of Bayes (Exponential) depends upon the quality of prior information. The hyper-parameters can be considered as outcomes of the prior information. The informative Bayes estimates may turn out to be the most efficient, provided that useful prior information and consequently, the appropriate hyper-parameters are available. The comparison observed is summarized in last section. Table 13 gives the results for interval estimation. It is interesting to see that all the credible intervals contain the true value of the parameter. The credible intervals tend to be more specific under the assumption of the exponential prior. The width of credible interval is inversely proportional to sample size. The findings of the interval estimation also advocate that in order to estimate 12 ,

and w , the use of exponential prior can be preferred. It should be noted that the credible intervals for the other combination of the parametric values have not been presented as they follow the similar patterns.
Real Life Example
This section covers the analysis of real life data set regarding the breaking strengths of 64 single carbon fibers of length 10, presented Lawless (2003) . The idea has been to see whether the results and properties of the Bayes estimators, explored by simulation study, are applicable to a real life situation. We have taken n = 64 and T = 3.501 in order to have censoring rate close to 20% (that has been used in simulation study). The results of the analysis have been reported in the following tables. The amounts of posterior risks associated with each estimate have been presented in the parenthesis in the tables. The tables 14-15 contain the Bayes estimates and posterior risks for the mixture distribution using real life data. It can be observed from the analysis that the performance of the informative priors is better than the non-informative priors. In comparison of informative priors, the least amounts of the posterior risks have been observed under exponential prior for each loss function. On the other hand, the performance of the PLF seems better than SELF and WSELF for all priors. The increase in the value of the mixing parameter has a positive impact on the performance of the estimates for the The graphs suggest that the hazard rate for the mixture model tend to decrease for smaller 't' and larger parametric values. However, for t > 3 the choice of parametric values does not have a significant impact on the behavior of the hazard rate. The figures simply suggest that the hazard rate is an increasing function. The increase in the value of the mixing parameter (w) increases the hazard rate. The results are in accordance with the theory; because by increasing the mixing weight there are chances of more failures.
Model Comparison Criteria
Bernardo (1979) proposed that under Bayesian inference, the performance of a model is based on the posterior predictive distribution. The criterion used to compare them is based on the use of the logarithmic score as a utility function in a statistical decision. When the uncertainty is contained in the value of a future observation Now a sample of size 1000 for the parameters of the posterior distribution under each prior is generated. Based on these samples the estimated values for the posterior predictive expected utilities have been presented in the following table. Now based on these posterior predictive expected utilities it can be assessed that the posterior distribution under exponential prior is the best among all the posterior densities. Hence, the most suitable prior is exponential prior. The findings from the model comparison criteria endorsed the preference of the exponential prior as suggested by the analysis of simulated and real life data sets.
Conclusion
The study has been planned to select a suitable prior for the Bayesian analysis of the parameters of the two-component mixture of the Burr Type X distribution. Four informative and non-informative priors have been assumed for posterior analysis under three loss functions. The model selection criterion for selection of a suitable prior has also been introduced. The findings of the study suggest that the exponential prior is the most suitable prior for the estimation of the parameters of the mixture density. The study is useful for the analysts looking to model the heterogeneous data through some lifetime distributions under censored samples. The study can further be extended by considering some other censoring scheme or mixing two different distributions from Burr family.
